In this paper we will give some results on list T-colorings. In particular we will give a lower bound for the T-choice number of even cycles with the set T = {0, 1,2 ..... r}, r ~> 1, and give the value of the T-choice number for the even cycles C4, and C2n where n>~r.
I. Introduction
In this paper we will assume that any graph G is a finite, simple graph. Let T be a set of non-negative integers, which is assumed to contain 0. Then a T-colouring of G is a function, 4~(v) : V(G) ~ N, which assigns to each vertex of G a positive integer such that if uv is an edge of G then I~b(u) -~b(v)l ~ T. If T = {0} then this is just ordinary vertex colouring.
T-colourings arose in connection with the channel assignment problem, (see [1] ), where the set T represents disallowed seperations between channels which are assigned to transmitters which could interfere. List T-colourings arise when we specify a list of acceptable channels for a particular transmitter.
Assign to each vertex v E V(G) a list L(v) of k distinct positive integers. If we can always choose a T-colouring, ~b, of G such that ~b(v) C L(v) for every vertex v in G, however the lists were chosen, then G is said to be k -T-choosable. The T-choice number of G, T-ch(G), is the least value of k for which G is k -T-choosable. If we
is the degree of vertex v, and we can always choose a T-colouring from these lists however the lists are chosen, then G is said to be D -T-choosable.
For T = {0} the T-choice number is just the choice number, ch(G), of the graph and D -T-choosability is just D-choosability. Both of these were introduced by Rubin et al. [3] .
List T-colourings were studied by Tesman [4] ; for a survey of results on T-colourings see [2] .
In this paper we will summarise the results in [5] and then consider the T-choice number of even cycles with the set T = {0, 1,... ,r}, r~> 1. In particular, we will give a lower bound for the T-choice number of even cycles with the above set T and prove that this gives the exact answer for the T-choice number of even cycles C2n, n>~2, n t>r. We will also give a sketch of the proof that the lower bound gives the exact answer for the T-choice number of Ca.
An upper bound for list T-colourings
The main result contained in [5] is the following upper bound. The maximum degree of a vertex in a graph G is represented by A(G), or simply A if it is clear which graph it refers to. For T = {0} the above theorem reduces to the following corollary.
Corollary 2.2. If G is a graph which is not a complete graph or an odd cycle then
This is a theorem due to Rubin et al. [3] and so Theorem 2. I is a generalisation of their result on list colourings to list T-colourings,
A eharacterisation of D --T-choosability
Waller [5] also contains the following characterisation of D-T-choosability: [4] .
graph G is D -T-choosable for any allowable set T if and only if either (i) G is 2-connected and is not a complete graph or an odd cycle, or, (ii) G is a graph with cut vertices where not every block of G is a complete graph or an odd cycle.

Theorem 3.2. If G is a graph which is not D -T-choosable for a given set T then
An example of a class of graphs with cut vertices where every block of the graph is a complete graph or an odd cycle is the class of trees.
A lower bound for even cycles
Tesman [4] obtained a lower bound for the T-choice number of even cycles for the case when T = {0, 1,2 ..... r}, r~>l. His proof relied on the following observation, which we will put in a lemma for use later on. 
. Let u and v be adjacent vertices of G. Let a,b be elements from L(u). Then, if la-b[ <~2r we can no longer choose at most 2r ÷ 1 -la -b[ elements from L(v) for v if we want to be able to choose a colour from L(u) for u. For [a -b[ >~2r + 1 there exists at least one element of L(v) which we can choose for v and still be able to choose a colour from L(u) for u.
Tesman's proof for the lower bound uses the above lemma to construct lists around the cycle from some starting vertex. The starting vertex has a list containing consecutive integers, and then the neighbouring vertices have lists constructed to contain all of the 'non-choosable' elements of Lemma 4.1, with more consecutive integers to make up the list. This process is repeated down both sides of the cycle until at the last vertex we can construct a list consisting only of 'non-choosable' elements. By a refinement of Tesman's method the following improved lower bound may be obtained. The proof constructs lists for the first three vertices in a different way to Tesman's proof and then constructs the remaining lists in a similar way to Tesman's proof. • ,M~)
Therefore, we have the following corollary. This leaves unsolved the case of even cycles and sets T with n < r. However, in the following theorem we will prove that the bound of Theorem 4.2 gives the exact value for the T-choice number of C4. So we need only prove the reverse inequality. Let the vertices of C4 be/)1,/)2,/)3,/)4 with lists ll, 12,/3, 14, respectively. Without loss of generality, assume that 1 E 11 and let m2, m3, m4 be the smallest elements of 12,/3, 14, respectively. Also let M1, M2, M3, M4 be the largest elements of ll, 12, 13,14, respectively. (see Fig. 1 ).
Assume we have an assignment of lists of length L from which we cannot choose a T-colouring. We will now show how to choose a T-colouring from these lists to give a contradiction. This is done in two parts. In part 1 we consider c = 0, 1, or 2 with L = 12m +2c+2, and in part 2 we consider c = 3,4,5, or 6 with L = 12m +2e+ 1. In each part we consider the same eight cases. We only prove case 1 of part 1 and state what the other cases are. The proofs of the other cases follow in a similar way so we will leave them out to avoid repetition. So, without loss of generality, we can assume that m2 ~>5m + e ÷ 2. Assume now that m4>~m-c÷ 1. Choose colour 1 at Vl. Now we can no longer choose the integers 1,2 ..... 7m÷c÷ 1 for /)2. But we know that m2~>5m÷e÷2 and so we cannot choose at most 2m elements of 12 for v2. Therefore, we can choose any one of at least 10m ÷ 2c + 2 elements of 12 for/)2 given the choice of 1 at/)1.
By Lemma 4.1 we can choose any one of at least 8m ÷ 2e ÷ 2 elements of 13 for v3 and still be able to choose one of the 10m + 2e + 2 'allowed' elements of 12 for v2.
Also by Lemma 4.1 we can choose any one of at least 6m ÷ 2e ÷ 2 elements of 14 for v4 and still be able to choose an 'allowed' element for /)z and v3 from their respective lists.
So if we cannot choose a T-colouring from this assignment of lists then these 6m ÷ 2c + 2 choices at v4 must be 'disallowed' by the choice of 1 at vl. This implies that the 6m + 2c ÷ 2 choices from 14 are all contained in the set { 1, 2 ..... 7m ÷ c + 1 }, which in turn implies that 14 contains an integer less than or equal to m -c. But this would mean that m4 ~< m -e, which gives us a contradiction.
Therefore, if we have an assignment of lists from which we cannot choose a Tcolouring, then we may assume that m2 ~> 5m ÷ c + 2 and that m4 ~< m -e.
By using similar arguments we can also assume that if M is the largest of M1, M2, M3, M4, then one neighbouring vertex has a list with largest element less than or equal to M -5m -c -1, and the other neighbouring vertex has a list with largest element greater than or equal to M -m + e + 1.
We now consider eight cases. By Lemma 4.1, the 10m + 2c ÷ 2 'allowable' choices from 12 for v2 mean that there are at most 4m choices from ll such that choosing one of these to colour Vl leaves us with no choices to colour v2. And so, of the 4m + 2c + 2 choices from Ii there are at least 2c+2 choices, any one of which we can choose for vl and still be able to choose a colour for vz to complete the colouring. This gives us the required contradiction. By using the same methods as in Part 1 we can show that if we have an assignment of lists from which we cannot choose a T-colouring then we may assume that m2 t> 5m+ c + 1 and that m4 ~< m --c + 4. Also, if M is the largest of M1, M2, M3, and M4 then we may assume that the list of one neighbouring vertex has largest element less than or equal to M -5m -c, and that the list at the other neighbouring vertex has largest element greater than or equal to M -m + c -3.
There are now eight cases as in Part 1. This time the upper and lower bound are replaced by the expressions worked out in the above paragraph, and the proofs are similar. [] Finding the T-choice number of C2n for the set T = {0, 1,2 ..... r}, r ~> 1 when n < r and n 1> 3 is still to be solved.
